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This article deals with the discretization of linearized Euler equations by multidimensional upwind residual

distributionmethods. LinearizedEuler equations are applied tomodel the propagation of sound in the domainwhere

no source of sound is present and where the analogy methods such as Ffowcs–Williams can not be used because of

gradients in themean flow.The residual distributionmethod leads to a class of schemes that shares properties of both

finite element method and finite volumemethod. In particular, the schemes used here are multidimensional upwind,

whichmake themvery attractive because of their low cross-dissipation. First, the discretizationmethod is introduced

as an alternative method for computational aeroacoustic applications on unstructured grids. The residual

distribution method is then analyzed analytically for wave propagation. Next it is applied to linearized Euler

equations with proper acoustic boundary conditions, and finally verifiedon test cases having exact solution.

Nomenclature

A, B = system Jacobian matrices
B = system distribution matrix
Ci = scaling of the pseudotime
c = speed of sound
F, G = fluxes
H = term due to the nonuniform mean flow
H = (time dependent) 1-D linear basis function
K = system upwind matrix
M = Mach number
n = inward normal vector
n = inward normal vector
p = pressure
ST = median area of the triangle T
U = vector of conserved quantities
U = vector of conserved quantities
u = scalar variable
uh = numerical approximation of the scalar variable
uj = velocity component in the j direction
� = distribution coefficient
� = scalar upwind coefficient
� = convection vector
� = density
� = pseudotime
� = residual
 = (space-dependent) linear continuous Lagrangian basis

function
� = numerical domain
� �0 = small perturbation quantities
� �0 = mean flow quantities

Introduction

S OUND production and propagation is an unsteady process.
Soundwaves propagate coherently over long distanceswith very

low attenuation due to viscous effects. On the other hand, even a very

loud flow radiates only a small fraction of its total energy as sound
which means that the perturbations to the mean flow are very small.
Therefore, the numerical resolution to capture the sound propagation
has to be very high [1]. Various methods have been applied
successfully to propagate noise in homogeneous and inhomoge-
neous background flows [2], however, the tradeoff between accuracy
and computational cost still leaves room for further investigations on
more efficient and robust solvers. A possible approach to encounter
these requirements is to treat separately noise production from noise
propagation. The propagation part of such a hybrid method is
considered in this paper.

A balance between resolution, accuracy, and computing time
requirements always has to be kept when numerical simulations are
considered. Except for academic problems direct numerical
simulation and even the less expensive large eddy simulation are
unaffordable for unsteady flow calculations in large fields such as the
ones involved for sound propagation. In the region where no more
sound production occurs, but mean flow gradients are still present,
the Linearized Euler Equations (LEEs) fully describe the wave
propagation including reflection, scattering and refraction effects.
Further, where the background flow can be considered as uniform,
computationally less expensive integral methods such as Curle’s
analogy or Ffowcs–Williams and Hawkings equation can be used.

The requirements on the numerical schemes in case of
discretization of sound propagation are rather restrictive. To
propagate waves over long distances with negligible dissipation and
without phase error, a consistent, stable, and convergent high-order
scheme is not enough to guarantee a good quality for the numerical
wave solution [3]. Indeed, wave propagation involves the interplay
between space and time. So, to be able to compute a wave solution
accurately it is not sufficient to have a good approximation of the
spatial derivatives alone or of the time derivatives alone.Both of them
must be well approximated in a related way as dictated by the
dispersion relation of the original partial differential equation,
otherwise the wave modes may become numerically coupled. To get
the same accuracy and dispersion/dissipation relation in space and
time a coupled space-time discretizationmethod is used in this paper.

Several ways have been proposed to discretize wave propagation
equations. The spectral difference method is very efficient for simple
geometries and boundary conditions. These methods have no
dispersion error, but are only applicable for uniform grids. Finite
difference methods are commonly used when the LEEs are under
consideration. High-order schemes can be implemented in a rather
straightforward way and even special optimized schemes [4] are
available for acoustic propagation problems (the effective wave
number of the scheme is close to the actual one for frequencies as
high as possible). The main disadvantage is that it can be used with
full effectiveness only in case of structured quadrilateral grids. From
the family of finite element methods, mainly the discontinuous
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Galerkin method is used to calculate wave propagation [5]. Its
advantage is the easy implementation of high-order polynomial basis
functions. However, the upwinding of interelement fluxes introduces
numerical dissipation. The effect of numerical dissipation can be
diminished with increasing polynomial order. Its main advantage
over all the other methods is that it can be applied over complex
unstructured grids and the communication between the elements
through fluxes makes the parallelization straightforward. On the
other hand the discontinuous representation of variables results inN
times higher degrees of freedom than in case of continuous
representation, where N is the number of nodes per element (in case
the nodes are on the faces). An alternative approach followed in this
paper is the residual distribution method (RDM), described in detail
below.

RDM

The residual distribution or fluctuation splitting method is
somewhere between the finite element and finite volume methods.
The ideawas introduced in 1982 byRoe [6] and extended in 1986 for
the solution of conservation laws on unstructured meshes. In the last
decades several multidimensional upwind schemes have been
developed [7,8] and proved to be accurate and robust. A new strategy
in the computation of the residuals have been designed involving
contour integrations and leading to conservative discretization even
for problems where it is not possible to linearize the system of
equations [9]. Thanks to this improvement the application of residual
distributive schemes (RDS) to high-order discretization was
possible. Abgrall [10] and Tave et al. [11] developed the Lax–
Friedrichs scheme that uses a central distribution of the residual
which makes the distribution in high-order elements easy and
efficient. In our case, since we want to distribute to the downwind
nodes it is necessary to split the high-order elements in linear
elements where we know how to use a multidimensional upwind
distribution [10,12]. Several methods has been developed to solve
unsteady problems [13–16]. In this work we decided to focus on two
of them, representing the two major types of time discretization in
RDS. The first one was developed by Abgrall and Mezine [13] and
uses a finite elementlike approach with a mass matrix. The second
method considers the time as a third dimension yielding space-time
element and was first presented by Ricchiuto [17]. In this article we
will apply the above-mentionedmethods to acoustic problemswhich
is a new application of RDS.

The higher accuracy and compact character make the RDS very
efficient. The main advantage of the method is that both oscillation
free and higher-order approximation can be achieved on unstructured
grid based on the compact stencil of the nearest neighborhood,which
leads to easy parallel implementation. From mathematical point of
view the RD method is a continuous approximation of the variables
and the multidimensional upwinding minimizes the amount of
crosswind diffusion. The aim of this paper is to show that, thanks to
the properties mentioned above, RDS can be an alternative to
discontinuous Galerkin and finite difference for wave propagation
problems. In particular, we will show that the results obtained are
comparable to high-order finite difference results. In this section, for
simplicity, we first present the RD method for a steady system of
conservation laws. Next, we focus on the strategies used for unsteady
problems and more particularly to the space-time formulation. Then
the high-order discretization is derived and finally the extension to
system of equations is shown.

Steady Scalar Advection

To show the method of discretization, we first consider a steady
scalar conservation law:

r �F �u� � S 8 �x; y� 2 �()
�
a
@u

@x
� b @u

@y
� S

�
(1)

For a given domain� let denote by �h a generic triangulation of�
composed of a set of nonoverlapping triangles T 2 �h (Fig. 1).

Following the finite element way to discretize, for any given function
u we define the approximate solution:

uh �
X
i2�h
 iui (2)

where ui is the value of uh at node i: ui � uh�xi; yi�; and  i�x; y�
denotes the (mesh dependent) linear continuous Lagrangian basis
function. An example of such an approximation is illustrated in
Fig. 2.

To solve Eq. (1), we compute the residual due to the discretization
on each element T:

�T ��adv ��s �
Z
T

rF h d� �
Z
T

Sh�x; y� d� (3)

The residual �adv can be computed either by integrating directly
on the element or with the help of Gauss theorem by computing the
contour integral. The later developed by Ricchiuto et al. [9] and
Ricchiuto [17] is called conservative residual distribution (CRD)
because this formulation ensures conservation. In this work we only
consider CRD schemes. If we use a contour integration, then the
residual is:

Fig. 1 Generic nonoverlapping triangulation.

Fig. 2 Approximation of u by a linear approximation.
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�adv �
I
@T

F h � dl (4)

The next step is the distribution of the residual �T (see Fig. 3) to
each node ofT. This is done bymeans of a distribution coefficient�Ti .
With the distributionwe obtain a part of the nodal residual (belonging
to node i):

�T
i � �Ti �T (5)

To ensure consistency it is necessary thatX
i2T
�Ti � 1()

X
i2T

�T
i ��T (6)

The different choices of �i define the different numerical schemes
with their own characteristics. It is possible to construct multi-
dimensional upwind schemes which gives the major difference to
other methods like finite difference (FD), finite volume (FV), or the
classical finite element (FE). In the case of multidimensional
upwinding the residual is only distributed to nodes which are
downstream with respect to the orientation of the convection
direction �� �a; b�. We can define for each node in each triangle an
upwind parameter as:

�i �
1

2
� � ni (7)

where ni is the inward normal to the edge of T facing node i 2 T,
while jTj is the area of the triangle T. The norm of ni is equal to the
length of the edge (Fig. 1).

Then, an upwind scheme is a scheme such that:

�i < 0) �i � 0 (8)

Remark: This upwind parameters are also used to compute the
residual when integration on linear elements are considered to get
the residual:

�T �
X
i2T
�iui (9)

The scheme used in the present work is called Low Diffusion A
(LDA) because it is one of the least dissipative schemes. For this
reason it is well fit for acoustic problems. Indeed, if we consider the
scalar advection on a mesh aligned with the advection direction, the
inlet is exactly preserved. The distribution coefficient of LDA is
defined by:

�LDA
i � ��i

�X
j2T
��j

��1
(10)

where ��i �max�0; �i�. This scheme is second-order accurate in
case of linear elements (despite the fact that the stencil only involves
the neighboring nodes) and third-order for quadratic ones.

Once the residual over each element is distributed to the nodes, all
the contributions related to a node can be assembled (see Fig. 4).
Finally, we solve the following system of nodal equations (the
summation is done over the elements containing node i):X

T;i2T
�T
i � 0 i� 1; � � � ; N (11)

This system is solved by pseudotime iterations:

@uh

@�
�
X
T;i2T

�T
i � 0 (12)

For example, we can solve Eq. (12) by an explicit procedure like
Forward–Euler method:

u��1i � u�i �
��

Ci

�X
T;i2T

�T
i

�
�

(13)

where Ci represents a scaling of the pseudotime, such that a CFL
condition is verified. It is also possible to solve Eq. (12) using an
implicit solver:

u��1i � u�i
��

��
�X
T;i2T

�T
i

�
��1

(14)

Formore details on the linear solverwe refer to thework of van der
Weide [18].

Unsteady Scalar Advection

The extension of the residual distribution method to time
dependent problem is not straightforward. The main problem is that
if we just combine the spatial RD discretization with a finite
difference method for the time dependency, then, in general, the
scheme is onlyfirst-order accurate because in this way the spatial and
time integration is not consistent. There are severalways to overcome
this. The first approach is to use a finite elementlikemass matrix. The
other way is to treat in a consistent way both space and time, which
can be achieved by involving the time dependency in the RD
formulation resulting in a space-time connection.

Fig. 3 Distribution of the global residual from element T to nodes i, j, k.

Fig. 4 Illustration of the system of Eq. (11).
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Mass-Matrix Method: This method which has been first
developped by Ferrante [19] and extended by Mezine et al. [13]
uses an equivalence between Petrov-Galerkin (PG) and RD method
to compute a mass matrix. The time dependency is discretized by a
Crank-Nicolson method.

First, wewant to linkRD formulationwith PG schemes. In this two
methods the solution is discretized in the same way. Moreover,
multidimensional upwinding RD methods are set for steady
hyperbolic conservation law equations whereas PG can be used for
any conservation law equations. Then, one idea to extendRD tomore
general set of equations is to use a Petrov-Galerkin approach. This is
possible because we can find a weight function such that the two
methodologies are equivalent in some cases.

Let consider the steady advection equation with a constant
advection (� is constant) and uh is linear:

� � ruh � 0 (15)

We are looking for aweight function!i such that the contributions
of the element T to the node i are the same for PG and RD method:

�Ti

Z
T

� � ruh d��
Z
T

!i� � ruh d�

�Ti jTj� � ruh � � � ruh
Z
T

!i d�

This yields the following condition:Z
T

!i d�� �Ti jTj (16)

Severalweight functions verify this condition.We choose to use!i
defined by:

!i�x; y� �  i�x; y� �
�
�Ti �

1

3

�
�T�x; y� (17)

where �T is the characteristic function of the element T:

�T�x; y� �
�
1 if �x; y� 2 T
0 if �x; y� =2 T (18)

Let consider the unsteady advection equation:

@u

@t
�rF � S 8 �x; y; t� 2 �t �� � �0; tf	 (19)

First, we apply the equivalence of last paragraph to our problem.

�T
i �

Z
T

!i
X
j2T
 j
@uj
@t

d�

|��������������{z��������������}
I

�
Z
T

!irF d�|�������{z�������}
II

(20)

The second part of this is equivalent to the residual of RD method
for a steady problem. The first integral can be transformed as:

I �
X
j2T
mij

@uj
@t
; mij �

Z
T

!i j d� (21)

Assembling these two contributions we obtain:

�T
i �

X
j2T
mij

@uj
@t
� ��T;adv

i �t (22)

In this formulation a discretization of the time dependency is still
missing. This can be done by a Crank-Nicolson method for example.
The final residual is then:

�T
i �

X
j2T
mij�un�1i � uni � �

�t

2
���T;adv

i �n�1 � ��T;adv
i �n� (23)

At each time iteration uni is known and we want to compute un�1i .
We compute it explicitly by pseudotime iterations:

un�1;��1i � un�1;�i ���

Ci

�X
T;i2T

�T
i

�
�

(24)

Space-time method [13,20] In this case, time is treated as another
spacelike dimension and a consistent discretization is applied for the
extended system using space-time elements (see Fig. 5). The basic
consequence of the space-time discretization is that whatever the
order of the space discretization it is inherited to the time
discretization as well.

The space-time formulation is described through the unsteady
scalar advection problem [Eq. (19)]. Since time is considered as a
third dimension, �t is discretized by a succession of prismatic
elements as shown on Fig. 5. For any given function u, its restriction
on the prism is defined by:

uh�x; y; t� �
X
l

Hl�t�
X
i2T
 i�x; y�uli (25)

where uli is the value of u
h at node i and time tl: uli � uh�xi; yi; tl�,Hl

is the (time dependent) 1-D linear basis function and i�x; y� denotes
the (mesh dependent) linear continuous Lagrangian basis function.
In each space-time element un is considered as known and un�1 is the
unknown. The process is exactly the same as for steady problems.
The first step of the discretization is again the computation of the
residual, now, on each space-time prism:

�K �
Z
tn�1

tn

Z
T

�
@uh

@t
�r �F h

�
d�dt (26)

which after some algebra yields:

�K � jTj
3

X
i2T
�un�1i � uni � �

�t

2
���T�n � ��T�n�1�

The residual�T—using the CRDmethod—is defined by Eqs. (4)
and (3). The total residual�K is distributed to the nodes of the prism.
To respect the physical meaning of time, we do not want to distribute
to the nodes of the level n. To do this, like in the steady case, space-
time upwind parameters have been constructed using the space-time
normals, giving for level n and n� 1:

~� ni �
�t

2
�i �
jTj
3

~�n�1i ��t

2
�i �
jTj
3

(27)

where�t� tn�1 � tn and �i [Eq. (7)] is the upwind parameter of the
steady scheme. These upwind parameters are used to define the
space-time multidimensional upwinding:

~� ni < 0) �n
i � 0 ~�n�1i < 0) �n�1

i � 0 (28)

Fig. 5 Space-time prism.
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Then, to be able to distribute the residual only to level n� 1we need
that ~�ni is always negative. This requires a constraint on the time step
(called past-shield condition):

�t 
 min
T

min
i2T

2jTj
3��i

(29)

Under this condition it is possible to distribute the residual �K

only to the nodes of the level n� 1:�
�n
i � 0

�n�1
i � �i�K

The extension of LDA scheme to the space-time framework is
straightforward. The distribution coefficients are defined with the
space-time upwind parameters:

�LDA
i � ~�n�1;�iP

j2T
~�n�1;�j

(30)

From here, everything stays the same as for the steady problem.
After the distribution of the residual, we assemble all the
contributions to each node into the nodal Eq. (11). This system of
equations is solved by pseudotime iterations [Eq. (12)], which after
convergence provides the solution at the new time step n� 1.

High-Order Discretization

We use the approach of Ricchiuto et al. [21] and Villedieu et al.
[22] to extend space-time schemes to high-order discretization. To
provide high order of accuracy both in space and in time, we combine
quadratic triangular elements in spacewith a quadratic discretization
of time. This means that each triangular element in space is equipped
with 6 degrees of freedom. We split this triangle in four subelements
fTsgs�1;4 like on Fig. 6a. This yields the new space-time prism of
Fig. 6b that has three levels in time. Each level is composed of
quadratic triangles in space. In this prism, u is approximated in the
same way as before, by Eq. (25), where  i�x; y� now denotes the
(mesh dependent) quadratic continuous Lagrangian basis function,
andHl is the 1-D (time dependent) quadratic basis function.We split
this prism in subprisms based on the subelements of the quadratic
triangle (as illustrated on Fig. 6b). In each of this subprism we can
still define the space-time upwind parameters in the same way as for
the linear elements [Eq. (13)] but now the upwind parameter ki is
defined with the scaled normals of the subtriangle Ts. At each time
iteration un�1 and un are known and we want to compute un�1 using
the usual steps. First, we compute the residual on each subprism
between tn�1 and tn:

�Ks �
Z
tn�1

tn

Z
Ts

�
@uh

@t
�r �F h � S

�
d�dt

Then, the residual is distributed to all the nodes of the subtriangle Ts
of the level n� 1 and we assemble the nodal contributions. Finally,
we use pseudotime iterations to solve the final system as before.

System of Equations

The unsteady solution to a system of equations is considered:

@U

@t
�r �F �U� � S; 8 �x; y� 2 � (31)

where U is the m-vector of the conserved quantities, and F is a
m � 2-tensor:F � �F;G�, F andG beingm-vectors. We denote by
�A;B� the jacobian of F in the x- (resp. y-) directions. S represents
the vector of the source terms. In particular, it represents the
monopole, dipole,. . . sources when considering acoustic test cases.
The space-time domain is discretized like described in the previous
sections. Each of the subprisms is equipped with a set of space-time
upwind matrices:

~K n�1
i � jTsj

3
I ��t

2
Kn�1i (32)

where I is the identity matrix andKn�1i is the space upwind matrix of
the level n� 1 defined by:

Kn�1i � Anxi � Bn
y
i (33)

Sincewe consider a hyperbolic systemof equations, ~Kn�1i admits a
complete set of eigenvectors and eigenvalues. In case of Euler-type
equations (like the later used LEEs in this paper) these eigenvalues
represent the propagation speed of the characteristic waves defining
the solution. So, we can define upwinding along these propagation
directions and set ~Kn�1;�i , the positive and negative part of ~Kn�1i , by:

~K n�1;�
i � Ri��i R�1i (34)

where Ri is the matrix of the right eigenvectors of ~Kn�1i and ��i the
diagonalmatrix of the positive (resp. negative) part of its eigenvalues.
We also define N by:

N �
�X
i2Ts

~Kn�1;�i

��1
(35)

Fig. 6 High-order elements.

KOLOSZÁR ETAL. 1025



ThematrixN always exists for a symmetric hyperbolic linear system.
We refer to Abgrall [23] for the general case. The method follows
exactly the same steps as usually. First, we compute the space-time
residual on each (sub-)prism:

� Ks �
Z
tn�1

tn

Z
Ts

�
@Uh

@t
�r �F h � Sh

�
d�dt

Considering that the extension of the past-shield condition to matrix-
schemes is respected we distribute the residual to all nodes of the
(sub-)triangle of level n� 1

� n�1
i � Bi�Ks

where Bi is the distribution matrix. As in the scalar case, the system
extension of LDA scheme is considered in this work:

Bi � � ~Kn�1;�i �N (36)

In particular, the past-shield condition needs to be adapted to system
of equations. It reads now:

�t 
 min
Ts2�h

min
i2Ts

2jTsj
3��K�i �

(37)

where ��:� represents the largest eigenvalue in absolute value of a
matrix. Finally, we assemble all the contributions to each node and
we solve: X

Ts;i2Ts
�n�1
i � 0

using the same iterative methods discussed in the scalar case.

Application to Linear Wave Propagation

The previously described method is proposed for noise
propagation problems. First an analytical derivation was performed
to explore the properties of the discretization method if periodic
wave-excitation is considered. After, the derivation is justified by
numerical experience and finally, some basic problems are
simulated.

Fourier-Type Wave Propagation Analysis

Aerodynamically generated noise, and noise in general, is a
decomposition of different sound wave modes. Thus, any numerical
method used to compute noise generation and/or propagation must
be able to represent these modes and their propagation. An important
constrain for the numerics is that the numerical dissipation and
dispersion error must be as small as possible for all the relevant
modes. Therefore, it is necessary to perform a wavelength based
numerical analysis to identify the limits of the chosen discretization
technique.

Semidiscrete analysis of the space operator in one dimension.
First, the dissipation and dispersion relation of the 1-D spatial
discretization with LDA scheme is considered. The aim of this
separate space analysis is to validate the applied method. In one
dimension all the three basic numerical methods (FDM, FVM and
FEM) are equivalent, so, often thefinite difference framework is used
for analyzing numerical schemes [24]. However this approach is not
applicable for RDM since it cannot take into account the
multidimensionality which is one of themost important feature of the
applied method. So, in general, a 1-D analysis is not able to
characterize the method, but it is a good way to validate the analysis
procedure. Knowing that in 1D the LDA scheme is reducing to first-
order upwind scheme, the analysis should give back the dissipation
and dispersion relation which belong to such a scheme.

Let consider the one-dimensional scalar unsteady advection
equation:

@u

@t
� a @u

@x
� 0 (38)

and a harmonic perturbation of the form:

u�t; x� � û � e��kx�!t� (39)

The aim of the analysis is to compare how the discrete and exact
problem respond to this perturbation. Now, we consider only the
space discretization combined with exact time integration. Then, the
resiudal of Eq. (38) on a uniform grid (Fig. 7) needs to be compared
with the analytical solution kexact � !=a. The 1-D prototype element
and its characteristics are summarized in Fig. 8.

In case of P1 elements the residual over an element can be
expressed as [Eq. (9)]:

�T �
X
T

�iui (40)

The residuals of the two elements containing node i then read:

�I � �1ui�1 � �2ui � a�ui � ui�1� (41)

�II � �1ui � �2ui�1 � a�ui�1 � ui� (42)

After distribution, the sumof the distributed residuals belonging to
node i is:

�i ��I � a�ui � ui�1� (43)

To validate the analysis method developed for RDM, we are using
the equivalence between Petrov–Galerkin Method [25] and RDM.
The time derivative can be expressed as:

��i � 2

Z
E

 i
@u

@t
dE (44)

where  i is the one-dimensional linear continuous Lagrangian basis
function. This type of time discretization is just a choice and it is
irrelevant as far as only the space analysis is considered. It is worth to
note, that a systematic space analysis cannot be done like in case of
RDM since the unsteady discretization is not straightforward as
explained previously. Inserting Eq. (39) to this residual [Eq. (44)]
gives:

��i ���!ui�x��a�1 � e�k�x� (45)

The numerical wavenumber then can be expressed as:

knum � !
a
� �

�x
�e�k�x � 1� (46)

The complex amplification factor G�k�x� finally gives the
dispersion and dissipation properties of the spatial discretization

G�k�x� � knum

kexact
� �

k�x
�e�k�x � 1� (47)

In Fig. 9 the numerical dispersion and dissipation relation is given
for P1 RDM-LDA scheme, FDM first- and second-order scheme
with the exact solution. As expected, in 1D the LDA scheme reduces
to first-order upwind scheme, resulting in a stable scheme due to its

Fig. 7 1-D grid in space.

Fig. 8 1-D prototype element.
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in-built numerical dissipation (Fig. 9, right side) high for almost all
the wave-numbers.

Mass-Matrix Discretization Analysis in 1D: In the previous
analysis perfect time integration was assumed. The full residual
(space� time) in case of mass-matrix time integration can be
computed according to Eq. (23).

In the 1-D linear case the additional term reads as:

�MM
i �

X
j2T
mij�un�1j � unj � �

1

6
�x��un�1i�1 � uni�1�

� 2�un�1i � uni � � un�1i�1 � uni�1	 (48)

So, the full residual due to the space and time integration can be
assembled as:

�i ��MM
i ��

Space
i (49)

where �Space
i is the residual due to the space discretization:

�
Space
i � a�uni � uni�1� � a�un�1i � un�1i�1 � (50)

In the full analysis we are seeking a solution in the form:

u�t; x� � û � e��ik�x�n!�t� (51)

If the parts containing the variables from the time level n and time
level n� 1 are separated then, the response of the discretization to
planar wave-excitation can be expressed:

�n�1
i � 1

6
�x�un�1i�1 � un�1i � un�1i�1 	 � ��Space�n�1 � e�!�t � l�k�x�

(52)

�n
i ��

1

6
�x�uni�1 � uni � uni�1	 � ��Space�n �m�k�x� (53)

e�!�t �m�k�x�
l�k�x� (54)

where l and m are known functions of k�x.
The dissipation and dispersion relation corresponding to the full

mass-matrix type discretization can be seen in Fig. 10. Likewisemost
unsteady methods, as�t reduces (so the Courant–Friedrichs–Lewy,
or CFL, number �� a�t

�x
getting smaller and smaller) the

discretization performs better, resulting less dissipation and wider
range of resolved frequencies. In Table 1 the number of nodes needed
to resolve one wavelength is presented for few CFL numbers in case
of mass-matrix type discretization. As we can see, due to the
introduction of time discretization (which introduces one more
approximation) the performance reduces. For �� 1:0we need more
nodes/wavelengh than in case of pure space discretization. As �
reduces the performance increases and gets better than reported by
the semidiscretized analysis. However, in general, it is preferred to
have as high time step as possible to reduce computational cost, so
the unlimited reduction of �t is not possible for practical
applications.

Space-Time Discretization Analysis in 1-D: Now, the whole
analysis is repeated for the 1-D space-time discretization on
prismatic elements. The steps are the same as for the space operators,

Fig. 9 Numerical dispersion and dissipation due to space discretization in 1-D.

Fig. 10 Numerical dispersion and dissipation due to mass-matrix type discretization in 1-D in the function of �.
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but now 2-D prismatic elements are considered, where the second
dimension is the time (Fig. 11).

There is one prototype element again with the properties depicted
in Fig. 12. The maximum time-step size �t is limited by the past-
shield condition, i.e., the past cannot be affected by the future. In this
sense �1 and �2 has to be zero, which gives the condition � < 1.

The residual due to the space-time discretization over the elements
involving node �t; i� reads as follows:

�I � �1ut�1;i�1 � �2ut�1;i � �4ut;i�1 � �3ut;i (55)

�II � �1ut�1;i � �2ut�1;i�1 � �4ut;i � �3ut;i�1 (56)

The distributed residual belongs to node �t; i�:

�t;i � �3�
III � �4�

IV (57)

Substituting Eq. (51) to Eq. (57) we get the amplification factor for
the 1-D full space-time discretization in the function of the CFL
number �. The space-time RDM does not follows the same trend as
all the other methods, as can be seen in Fig. 13. There is an optimal
time-step range around �� 0:55.

Because of the space-time formulation, with the optimal CFL�
0:55 number it is enough to have:

NPW � 2�

�k�x�max

� 6 (58)

nodes per wave number, but still with using a compact stencil. In
Table 2 the number of nodes/wavelength is given for some CFL
numbers.

Semidiscrete Analysis of the SpaceOperator in 2-D: An important
feature of RDM is the possibility build multidimensional upwinding
schemes. The objective of the 2-D analysis is to see the impact of
multidimensional upwinding on the dispersion and dissipation. First,
a 2-D space discretization analysis is performed, after the full space-
time system is investigated.

Let consider a 2-D scalar advection problem:

@u

@t
� a � ru� 0 (59)

Let suppose that the solution is periodic over the domain �0; L	2,
the grid spacing is �x for both directions and the domain is
discretized by a uniform triangulation (Fig. 14). Again, we are
looking for the response of the numerical discretization due to the
following excitation:

u�t; x; y� � û � e��kxx�kyy�!t� (60)

So, the solution of Eq. (59) is the superposition of planar waves.
Then, it is enough to determine the response of the discretization
method to one single mode. The exact solution of such a harmonic
excitation is:

!� k � a (61)

wherek� �kxky	T . In 2-D, as shown inFig. 15, there is two prototype
elements. The upwind parameters � define which nodes are in the

Table 1 Number of nodes/wavelength
needed in case of mass-matrix type time

discretization

� NPW

1.0 31
0.5 18
0.25 10
0.1 8

Fig. 11 1-D grid space-time grid.

Fig. 12 1-D space-time prototype element.

Fig. 13 Numerical dispersion and dissipation due to space-time discretization in 1-D in the function of �.

Table 2 Number of nodes/wavelength
needed in case of space-time type time

discretization

� NPW

1.0 13
0.75 8
0.55 6
0.35 8
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upwind or downwind direction. In case of the LDA scheme, thanks to
its multidimensional upwinding property, the residual is distributed
to the downwind nodes along the streamlines. The residuals of the
involving elements are computed the same way as before:

�E �
X
E

�iui (62)

Seek for the solution in the form:

u�t; x; y� � û � e��ikx�x�jky�y�!t� (63)

The results are shown in Fig.16. It is less dissipative for the high
wave-numbers, however, its dispersion relation is much less than the

one of the first-order finite difference one. Of course, the dispersion
relation do not affect the steady solution. The question is then if the
upwinding improves such dramatically the performance of the RDM
as in case of 1D, and moreover, if the optimal CFL number depends
on the number of dimensions and/or on the grid topology.

Space-Time Discretization Analysis in 2-D: When the full two-
dimensional space and time discretization is considered we are
looking for the solution in the form:

u�t; x; y� � û � e��ikx�x�jky�y�n!�t� (64)

Now, we use the prismatic elements introduced in Fig. 5, so the
upwind parameters have to be modified accordingly:

�ni �
�t

2
�i �
jTj
3

�n�1i ��t

2
�i �
jTj
3

(65)

where �i is the space upwind parameter of node i. Otherwise the
computation of the residual and the distribution follows the same
pattern as in the previous cases. The dispersion and the dissipation
along the streamlines due to the whole discretization (flow angle
	� 30
, CFL number �� 0:6) can be seen in Fig. 17. The space-
time formulation preserved the characteristic of the space
discretization, but improved its performance just like in 1D. Even
in the 2-D case with flow not aligned with the grid, the optimal CFL
number is the same as for the 1-D case, indicating that it is not
dependent on the dimension of the problem nor on the grid itself. The
minimum number of gridpoints that has to be used over awavelength
is the same as well (NPW� 6).

LEEs

In the present workwe consider the LEEs in two spatial directions,
as derived by Bailly and Juvé [26] for inhomogeneous mean flow,
written in conservative variables:

@�0

@t
� @

@xj
��0u0j � �0u0j� �

@

@xj
��0u0j � �0u0j� � 0

@�0u
0

@t
� @

@xj
��0u0iu0j � p0
ij� �

@u0i
@xj
��0u0j � �0u0j�

�
�
@�0u0

@t
� @

@xj
��0u0iu0j � �0u0iu0j� �

@u0i
@xj
��0u0j � �0u0j�

�

�
�
� @

@xj
��0u0iu0j � �0u0iu0j�

�

@p0

@t
� @

@xi
���p0�u0i � p0u0i� � �� � 1�

�
p0
@u0i
@xi
� u0i

@p0

@xi

�

�
�
u0i
@p0

@xi
� u0i

@p0

@xi

�
� 0 (66)

Fig. 14 2-D grid in space.

Fig. 15 2-D prototype elements.

Fig. 16 Numerical dispersion and dissipation due to space discretization in 2-D plotted along the streamlines.
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The terms subscripted with 0 are time-averaged mean flow
quantities that are known functions (available for example from a
RANS calculation). The variables with prime are the fluctuating
perturbations, and so the unknowns. The overbar denotes time
averaging. The terms containing themultiplication of thefluctuations
are small, and therefore they are neglected (in f g). In the present
implementation finally the following set of partial differential
equations (in matrix notation) is discretized:

@U

@t
� @F
@x
� @G
@y
�H� S (67)

Since the LEE are a linear set of equations, Eq. (67) can be
rewritten as:

@U

@t
�A

@U

@x
� B

@U

@y
�H� S (68)

The vectors and matrices read as follows:

U�

�0

�0u
0

�0v
0

p0

2
66664

3
77775; A� @F

@U
�

u0 1 0 0

0 u0 0 1

0 0 u0 0

0 c20 0 u0

2
66664

3
77775

B� @G
@U
�

v0 0 1 0

0 v0 0 0

0 0 v0 1

0 0 c20 v0

2
66664

3
77775

H �

0

��0u0 � �0u0� @u0@x � ��0v0 � �0v0�
@u0
@y

��0u0 � �0u0� @v0@x � ��0v0 � �0v0�
@v0
@y

�� � 1�p0
�
@u0
@y
� @v0

@x

�
� �� � 1�

�
u0 @p0

@x
� v0 @p0

@y

�

2
666664

3
777775

S can represent the acoustic sources such asmonopole, dipole, etc.
Bailly and Juvé [26] reported that growing instability waves can be
excited by source terms in LEE through the mean shear. To prevent
the development of linear instability waves the terms containing the
derivatives of the background flowH are treated as source terms and
artificial numerical filtering is applied, if growing high-frequency
waves are observed in the solution [27].

At the boundaries Thompson’s nonreflective boundary conditions
are used [28]. This boundary treatment rely on the characteristic
theory. It is well known [29] that the number of physical conditions
that have to be prescribed at the boundary depend on the sign of the

eigenvalues of the characteristic system. Only the information
coming from outside has to be imposed, all the others are provided
naturally by the inner domain. In the case of acoustic problems the
first difficulty arising is to know what kind of conditions should be
fixed. In the present LEEs, the solution variables are the fluctuations
of density, velocity, and pressure. At an inflow boundary condition
three of them should be given, for an outflow just one. But none of the
conservative variables are known, in general. It is much easier acting
on the waves themselves.

To impose boundary conditions for the characteristic waves, first
the conservative variables have to be transformed to characteristic
ones locally at the boundaries. The characteristic matrix of the LEE
(67) in two spatial dimension can be constructed as follows:

D �A � ncharx �B � nchary �

Un ncharx nchary 0

0 Un 0 ncharx

0 0 Un nchary

0 c2 � ncharx c2 � nchary Un

2
664

3
775

where Un � u0 � ncharx � v0 � nchary , and the characteristic matrix (and
later the variables as well) are defined by the characteristic normal
vector nchar � �ncharx nchary 	T. The eigenvalues of the matrix D can be
calculated by solving the algebraic equation:

det jD � �Ij � 0 (69)

resulting in:

� �

Un
Un

Un � c
Un � c

2
664

3
775

In the case of Euler-type equations the eigenvalue Un has a
multiplicity equal to the number of the space dimensions. For a one-
dimensional case a unique definition of the eigienvectors are
possible, while in two and three dimensions different choices are
possible. The left eigenvectors of the matrix D based on the
characteristic normal vector can be obtained solving:

LD ��L (70)

where � is a diagonal matrix with the eigenvalues in the diagonal.
The matrix of the right eigenvectors can be obtained as R�L�1.
The characteristic variables defined as:

@Wn �L � @U�

@�0 � @ p0
c2

@�0 � su0
@�0 � ncharu0 � @ p0

c

@�0 � ncharu0 � @ p0
c

2
664

3
775�

S
�

A�

A�

2
664

3
775

Fig. 17 Numerical dispersion and dissipation due to space-time discretization in 2-D.
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Here s is a normal vector parallel to nchar. The characteristic
variables represent in two spatial dimension the four information
waves travelling through the domain: 1) S: entropywave, 2)�: shear
wave, 3) A�: positive acoustic wave, and 4) A�: negative acoustic
wave.

These waves travel with the speed defined by the corresponding
eigenvalues: the entropy and the shear waves transported with the
mean flow Un and the acoustic waves convected by Un � c. It is
worth mentioning that the characteristic variables depend on the
choice of the normal vector n. This choice of the characteristic
normal vector nchar is not trivial in element-based discretization. The
characteristic normal vector cannot be the face normal vector (which
would be a trivial choice if boundary conditions are considered) since
it would result in a discontinuous representation of the variables. To
overcome this difficulty the solver is implemented in conservative
variables and then locally transformed to characteristic variables to
impose boundary conditions on them. In the present work the inflow
and outflow boundary conditions are considered and both boundary
conditions are implemented in strong and weak form.

The weak boundary formulation is inspired by the “ghost-cell”
approach used in finite volume method, and its advantage is that the
interior schemes can be used at the boundary nodes [30]. In this case
the boundary restriction just softly applied on the boundary, which
tended to be the desired value as the number of subiterations
advanced. At the boundary, ghost-cells are attached to the boundary
elements (Fig. 18a). The solutions in 1* and 3* are defined as
follows: 1) S1� � S3� � Si, 2) �1� ��3� ��i,
3) A�1� � A�3� � A�i , and 4) A�1� � A�3� � A�i .

Here, S, �, A�, and A� denotes the characteristic variables, the
entropy, vorticity, and positive/negative acoustic waves [28]. In the
next step the geometrical location of node 1* and 3* tend to that of
node i. For the triangleT�i; 1�; 2� the gradient of a linear variableu is
defined as:

2 � STru�
X
j2T
ujnj � �u2 � ui� � n2 � �u1� � ui� � n1� (71)

In the infinitely thin cell it reduces to:

2 � STru� �u1� � ui� � n1� � ��u1� � ui� � n1 (72)

Therefore, the gradient and the scalar residual �T � ST � �ru
remains finite although the cell area vanishes. In this way the wave
decomposition reduces to a one-dimensional flux difference splitting
between 1* and i in the direction normal to the boundary n1.

At the outflow in case of subsonic flowfield three eigenvalues are
positive and therefore just one wave is entering to the domain (A�).
To avoid spurious reflections this wave should not enter to the
domain. Wave is defined as the change of amplitude of a variable in
time, therefore the derivative of A� with respect to time should be set

to zero, not just the magnitude (so the variable) resulting in a
Neumann condition:

@A�

@t
� 0 (73)

In practical implementation it means that the entropy, vorticity,
and the outgoing acoustic wave is computed from the inner domain
and the incoming acoustic wave is set in the ghost cells as �A�1��n�1 �
�A�3��n�1 � �A�i �n to satisfy the condition prescribed by Eq. (73).

In the case of strong formulation the boundary condition is
imposed directly on the boundary nodes. First the boundary node is
handled as if it were an interior node then the residual is modified so
that the boundary condition is satisfied at the nodes (Fig. 18b). In
characteristic treatment the missing information is provided by a set
of ingoing characteristic waves, whose intensities are computed by
expressing the conditions in terms of the provisional residual.

For an explicite update scheme [Eq. (13)]:

u��1i � u�i �
��

Ci

�X
T;i2T

�a�s;T
i

�
�

(74)

On the boundary the residual is corrected to satisfy the boundary
condition imposed:

u��1i � u�i �
��

Ci

�X
T;i2T

�a�s;T
i ��BC

i

�
�

(75)

Obviously, in case of outflow, for the first three waves no
corrections are needed. For the incoming wave we want to satisfy
Eq. (73) so the residual due to advection is set to zero with

�BC
i ��

X
T;iT

�a�s;T
i

The implementation has been done in the COOLFluiD [31]
simulation environment which is amultiphysics code [32] developed
at the von Kármán Institute.

Verification

The implementation of LEEs [Eq. (67)] will be verified using test
cases having exact solution. After the analytical derivation, the
characteristic of the residual distribution method for wave
propagation is investigated numerically. Two simple initial value
problems are considered to check the order of the LDA scheme, as
well as its dissipation and dispersion properties. Then, a benchmark
problem is used to test the isotropic property of the numerical
solution as well as its accuracy for wave propagation. The accuracy
of source resolution is shown with the simulation of a monopole in a

Fig. 18 Practical implementaion of boundary conditions.
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uniform flow. Finally, the response of the acoustic propagation in a
nonuniform meanflow is investigated.

Initial Value Problems

Advection Problem: To illustrate the performance of the different
time discretization methods a scalar problem was solved in the
framework of LEEs. A density pulse (Fig. 19) is placed in the middle
of a rectangular domain �x; y� 2 �200; 50	 discretized by linear (P1)
elements. The pulse is propagated with M� 0:5 through periodic
boundary condition till it arrives back to its original position.

The simulation was performed on a family of unstructured grids.
To go from a mesh to the following the number of nodes are devided
by two. The CFL number is equal to 0.3 as a consequence of past-
shield condition. The L2-norm of the result obtained with different
grids are computed and plotted in Fig. 20 to get the practical order of
the discretizations. It is visible that the order of the two type of
discretization is the same (s� 2:14), however, the mass-matrix
formulation perform better if the L2-norm is considered.

Analyzing the shape of the pulse at t� 400, so after one complete
flow-through, a basic difference can be observed between the mass-
matrix and the space-time discretization (Fig. 21). In general, the
space-time simulation preservesmore the original shape of the pulse,
while the mass matrix becamemore amorphous. However, the mass-
matrix simulation can capture the propagation speed more
accurately, than the space-time method. In the results of space-time
simulation the dispersion error is more displayed and increasing as
the grid is getting coarser. It is hard to set up a quantitative relation as
in the analytical representation, since aGaussian pulse contain awide
range of frequencies, so with the different grid resolutions different
frequency contents are resolved.

To see if the anisotropy observed in themass-matrix solution is due
to the grid topology the same entropy pulse was placed into
structured triangular meshes (both right and left orientated) and
advected both with the mass-matrix and the space-time formulation.
The results can be seen in Fig. 22 compared with the analytical
solution, as well as to the ones obtained on the unstructured mesh.
Both for space-time and for mass-matrix method the orientation of
the grid is affecting the solution. However, both methods keep their
characteristic behavior observed on the unstructured grid. Namely,
the space-time method introduces more dispersion and the mass-
matrix method violate more the isotropy of the entropy pulse.

Wave Propagation Test Case: Because of the observed anisotropy
and the broadband nature of the entropy pulse a second initial
problem has been solved. In this case a 2-D channel is considered
with a length of L� 2� and one wavelength sinusoidal pulse is
placed inside. Periodic boundary conditions are applied at the open
ends of the channel. Within two periods 2T � 4�=c0 the obtained

Fig. 19 Initial condition and mesh topology used in the scalarlike test
case.

Fig. 20 Order of the mass-matrix and space-time discretization.

Fig. 21 Comparing the results for different grid resolutionswith the exact solution.Dashed:finest grid, dotted:middle grid, solid: coarse grid, and solid-
thick: exact solution. Contours of density 0.01, 0.1, 0.5.
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signal is compared with the initial condition such way the number of
points per wavelength (NPW) necessary to resolve a wave can be
obtained numerically. In the test five different grids were used with
the resolution NPW� 6, 8, 10, 15, and 25. The CFL number was
fixed to 0.3 again. Analytically, a mesh with 9–10 nodes per

wavelength should be able to propagate thewave in case of the space-
time discretization and with 10 for the mass-matrix type
discretization. As can be seen in Fig. 23, in general, the mass-
matrix formulation introduces more dissipation then the space-time
method. A closer look to the top of the sinusoidal wave (Fig. 24a)
shows that the space-time method can capture this wave propagation
problem with a resolution of NPW� 25, 15. However, the mass-
matrix method cannot recover the right amplitude with these grids.

On Fig. 24b a zoom of Fig. 23 is shown around the position ��; 0	.
Looking at this point gives an indication to the dispersion error of the
applied discretization. In the case of the mass-matrix method the
most resolved grid (NPW� 25) gives a bit faster propagation speed
than required while all the other grids propagate the acoustic wave
slower then the original problem requires. The deviation from the
original speed is less for the space-time method. The finest mesh
gives a very good agreement to the exact solution, while the indicated
other two grids (NPW� 15 and 10) still approximate the wave
propagation speed well.

Benchmark Problem: Through this test case the space-time
method and the mass-matrix method is compared on linear (P1)
elements. The initial value problem [33] consists of an acoustic pulse
centered at the origin and a combined vortex/entropy pulse placed at
�x; y� � �67:0; 0:0�. The mean flow is uniform with Mach number
Mx � 0:5, My � 0:0 and the time step related to CFL� 1 is �t�
1

1�M (with M�
��������������������
M2
x �M2

y

q
). The computational domain extends

from �100 
 x; y 
 100 embedded in free space and the boundary

Fig. 22 Comparing the results for different grids with the exact solution. Dotted: unstructured grid, solid: left splitted grid, dashed: right splitted grid,
and solid-thick: exact solution. Contours of density 0.01, 0.1, 0.5.

Fig. 23 Comparison of the mass-matrix method and space-time
method on a sinusoidal wave propagation problem.

Fig. 24 Comparing the results for different grids with the exact solution. Zooms of Fig. 23.
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is discretized by 201 � 201 nodes, the interior domain with
unstructured triangles (Fig. 25). The same mesh topology will be
used along the paper with the same degree of freedom as in the
reference paper. The perturbation velocities, density and pressure are
normalized by c0 (ambient speed of sound), �0 (ambient density) and
�0c

2
0 respectively. Figure 26 (left-hand side) shows contour plots of

density for the numerical solution at time t� 0 (solid lines) and
t� 30 (dashed lines). The acoustic wave is represented by the larger
circles. It is convected in the x-direction by the mean flow and
propagates with the speed of sound in all directions uniformly in case
of the space-time formulation, as expected. The mass-matrix
discretization gives exactly the same results, therefore it is not
presented. The weaker entropy wave should be just physically
translated by the mean flow. A closer look to that wave reveals an
important difference between the solution obtained with the mass-
matrix and the space-time formulation (right plot). Indeed, a
deviation from isotropy of thewave can be observed in the plot of the
mass-matrix formulation (solid line). It is reported that traditional
second-order methods leave an oscillatory trail [33] so the mass-
matrix formulation inherits it as well. On the other hand, the truly
space-time method (dashed line) does not have this unfavorable
feature (despite the fact that this method is second order as well) due
to the discretization along the direction of information propagation
so this unsteady formulation is used for the remaining results
presented in the paper.

Acoustic Sources

Any real acoustic source can be decomposed into the three basic
acoustic sources: monopole, dipole, and quadrupole. Therefore, the
ability to simulate wave propagation originated from these pulsating
sources is a crucial requirement for LEE solvers. For validation of the
discretization of these sourceswe use some test cases presented in the
paper of Bailly and Juvé [26]. The analytical solution can be obtained
via convolution of the source term and the appropriate Green
function as prescribed in the aforementioned paper.

Monopole Radiation in Uniform Flow: Through this test case the
P1 and P2 discretization are compared with analytical solution and
with the solution obtained by finite difference method. In both cases
the space-time method is used with LDA scheme. The radiation of a
monopole source is investigated in subsonic and supersonic uniform
mean flows. This type of source represents mass flow injection or
suction in nature and is termed as thickness noise. The domain and
themesh is the same as for the benchmark problem. Themonopole is
implemented by using the following source vector:

S �t; x; y� � f�x; y� sin�!t�

1

0

0

1

2
664

3
775

f�x; y� � 
e�	��x�xs�2��y�ys�2�	

In the case of the subsonic simulation the Mach number isMx �
0:5 and the source is located at the center of the domain. The
following parameters identify the source: the amplitude is 
� 0:5,
the width of the source is 	� ln 2=2, and the angular frequency is
!� 2�=30. We use this test case to compare the performances of
linear (P1) and quadratic elements (P2). Figure 27a shows the
isocontours of pressure perturbation obtained with a quadratic
discretization of the solution. In the profile we can observe two
acoustic waves. The first is propagating upstream with a velocity of
1 �M and the wavelength is �up � �1 �M��. The second wave is
propagating downstream with a velocity of 1�M and the
wavelength is �down � �1�M��. On Figs. 27b and 27c we compare
the solutions obtained with linear and quadratic elements on a slice
done at y� 0:0 at t� 270. The reference solution of these figures is
the one obtained by Bailly and Juvé [26] using a seventh-order
dispersion-relation-preserving finite difference solver with a mesh
having the same degree of freedom (both for P1 and P2) as the mesh
used by the authors. It is difficult to see any difference between the

Fig. 25 Mesh topology used in the test cases along the paper.

Fig. 26 Contours of density 0.01, 0.02, 0.03.
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two discretizations on Fig. 27b. But, when we zoom in on the
upstream part like on Fig. 27c, the advantage of high-order
discretization is more obvious.

The supersonic case deals with theMach numberM� 1:5 and the
source is located at �xs; ys� � ��50; 0�. TheMach cone is defined as
M � sin���, which gives the angle �� 41:8
. Now both acoustic

waves propagate in the downstream direction with M � 1 and
interfere with each other (Fig. 28). In the source region both the
reference solution and the RDM solution fail to reproduce the
analytical solution, but in different way. Bailly and Juvé [26] explain
their discrepancy by the error in the calculation of the convolution in
the analytical solution. However, our results follow much closer the

Fig. 27 Monopole source in a uniform subsonic mean flow (M � 0:5) at t� 270.

Fig. 28 Monopole source in a uniform subsonic mean flow (M � 1:5) at t� 304, compared with the data obtained by Bailly and Juvé [26].
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analytical solution than the one of Bailly and Juvé. The slight
discrepancy of our downwind signal is again due to the inadequate
boundary treatment.

Monopole radiation in nonuniform background flow In the
following, propagation in sheared mean flow will be investigated to
test the ability of the system to propagate acoustic waves in
inhomogeneous flowfield. Again the space-time method is used with
P1 discretization. The main advantage of the LEE over the acoustic
analogies is that it can handle inhomogeneous propagation domain,
so reflection, refraction, and scattering effects can be taken into
account. For this test case P1 discretization is considered with the
samemesh as before. In the following, themonopole source is placed
into a jet flow described by the Bickley’s profile given as:

u0 �
M

cos h2��1�
���
2
p
�y=b	

The axial Mach number is M� 0:5, the half-width of the jet is
b� 10. The width of the source is 	� ln 2=9, the amplitude "�
0:01 and the center of the monopole source is �xs; ys� � ��100; 0�,
which lies in the center of the jet. The angular frequency is taken to
!� 2�=9. In this way the wavelength (�� 9) of the source is close
to the half-width of the jet causing strong refraction, so the radiation
pattern is modified by the mean flow gradient as can be seen in
Fig. 29. A shadow region is formed in the downstream direction near
the angle given by �� 1

1�M� 48
.

Conclusions

This paper shows that the RDM is an alternative method to resolve
acoustic waves through LEEs. Because of the multidimensional
upwind formulation, high accuracy was achieved with the basic test
cases on unstructured grids. One of the main advantage of RDM is
the continuous representation of flow variables resulting in less
memory requirement than the discontinuous Galerkin method. It is
also applicable for unstructured grids with even higher level of
accuracy than for structured meshes as shown in the grid sensibility
study.

Two different types of consistent time-integration approach are
considered in this paper. Through analytical wave number analysis
the two methods were characterized and found that the mass-matrix
approach owns the same behavior as the traditional methods, i.e., as
the time-step of the simulation is getting smaller, the discretization is
exact for wider range of frequencies. In the case of space-time
analysis, however, there exists an optimal CFL number, where the
discretization provides correct phase-speed and acceptable
dissipation for the widest range of wave numbers. This optimum is

related to the shape of prismatic discretization of time. The best
results are obtained around the element having the least aspect ratio.

It is observed as well that RDM faces the same numerical issues as
the finite difference and discontinuous Galerkinmethods, such as the
necessity of higher-order discretization to reduce the grid
dependency and more adequate nonreflecting boundary conditions.
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